The SME property and varieties of log general type 

Sabin Cautis 

Dedicated to Joe Harris, with admiration on the occasion of his sixtieth birthday. 

Abstract. We speculate on the relationship between the solvable monodromy extension (SME) 
property and log canonical models. A motivating example is the moduli space of smooth curves which, 
by earlier work, is known to have this SME property. In this case the maximal SME compactification 
is the moduli space of stable nodal curves which coincides with its log canonical model. 
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1. Introduction 

On a late afternoon a few years ago, on the way back from one of his water cooler trips, Joe Harris 
dropped by my alcove with the following problem on his mind: 

Given a family of smooth curves over an open subscheme U C S, when does it extend to a family of 
stable curves over S? 

We had not been discussing ideas directly along these lines, so this question took me a little by 
surprise. It seemed like a very natural problem and it subsequently became a part of my thesis. Using 
the language of moduli spaces, it can be restated as follows: 

Given an open subscheme U d S and a morphism f : U ^ ■^g,n when does it extend to a regular 
morphism S — > M-g.n? 

Here Mg^n denotes the moduli space of smooth genus g curves with n marked points and Aig,n its 
Deligne-Mumford compactification. De Jong and Oort |JO| show that if := S* \ C/ is a normal 
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crossing divisor then f : U ^ ■Mg,n extends to a regular morphism S — s- A^g.n assuming it does this 
over the generic points of D. Without this assumption one can still conclude that / extends to a map 
S — Mg^n where Mg^„ is the coarse moduh space. 

In general, lifting a map S — > Mg^n to A4g,n only requires taking a finite cover of S (i.e. one does 
not need to blow up at all). From this point of view the second answer above suffices. When working 
over C, it turns out to have the following generalization. 

Theorem 1.1. [Cl Thm. A] Let U C S be an open subvariety of an irreducible, normal variety S . 
A morphism U J^g,n extends to a regular map S — >■ Mg^n in a Zariski neighbourhood of p ^ S \ U 
if and only if the local monodromy around p is virtually abelian. 

1.1. The abelian/solvable monodromy extension property. Inspired by this result we in- 
troduced in jC, Sect. 2] the abelian monodromy extension (AME) property for a pair {X, X) consisting 
of a Deligne-Mumford stack X and a compactification X of its coarse scheme. Roughly, X is an AME 
compactification of A" if [/ — extends to a regular map S* — > A whenever the image of the induced 
map ni{U) — > 7Ti{X) on fundamental groups is virtually abelian. Here S* is a small analytic neigh- 
bourhood of a point (so this is a local condition on the domain but a global condition on the target 
iX,X)). 

Among all AME compactifications of some X there is a unique maximal one which we denote Aamo 
[Cl Cor. 3.7]. This means that for any other AME compactification A of A there exists a birational 
morphism Aamo A. For example, Mg_„ is the maximal AME compactification of A^g,„ Thm. 
4.1]. 

Although the AME condition is quite strong, there are abundant examples of pairs satisfying the 
AME property. More precisely: 

Proposition 1.2. [C] Prop. 3.11] Let X C X be a dense, open immersion such that X is a normal, 
complete variety. Then there exists an open X° C X such that (A°, A) has the AME property. 

In this paper we will consider the (very similar) solvable monodromy extension (SME) property 
instead of the AME property. The definition is precisely the same except that we replace "abelian" 
with "solvable" everywhere. Once again, if A has the SME property then there exists a maximal SME 
compactification Agmc- In this case, since any abelian group is solvable, A also has the AME property 
and there exists a regular morphism Aamc ^ Agme- 

1.2. Relation to log canonical models. If C is a smooth curve, then it has the SME property 
if and only if it is stable (meaning that it has genus g > 1 or genus 5 = 1 with at least one puncture 
or genus g — with at least three punctures) . Notice how these are precisely the curves of log general 
type. 

We make the following two (completely wild) speculations: 

Speculation #1. If X has the SME property then its log canonical model Xic (assuming it exists) is 
a compactification of X . In particular, X is of log general type. 

Speculation #2. // A has the SME property then there exists a regular morphism Ajc — >■ Xsme 
extending the identity map on X. 

In the case of surfaces we prove in Propositions 14.31 and 14.51 that this is indeed true. It should also be 
possible to verify these speculations if X has a smooth log minimal model. 

For general higher dimensional varieties we describe a possible (but very sketchy) approach to prov- 
ing these two claims. Along the way we bring up some related questions which may be of independent 
interest. 
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The final section gives a simple example showing that varieties of log general type need not have 
the SME property. We also describe a potential application, explained to me by Sean Keel, to partial 
resolution of singularities. 

1.3. Acknowledgments. I would like to thank Maksym Fedorchuk, Brendan Hassett, Johan de 
Jong and Sean Keel for helpful, interesting discussions and the anonymous referee for finding a mistake 
and suggesting additional improvements and references. 



We briefly discuss the two main concepts being related in this paper: the SME property and log 
canonical pairs. 

2.1. The solvable monodromy extension (SME) property. The solvable monodromy ex- 
tension property is a direct analogue of the abelian monodromy extension property from jC] (just take 
that definition and replace abelian with solvable). 

2.1.1. Local monodromy. We summarize the definition of local monodromy from (C] Sec. 2.1]. Let 
X be an open subvariety of a normal variety X. Next, consider an open subvariety f7 C 5 of a normal 
variety S together with a morphism U X. Fix a connected, reduced, proper subscheme T C S. Now 
choose a sufficiently small analytic neighbourhood V of T. We define the local monodromy around T 
as the image of fundamental groups 



Since T is connected VC\U is connected and so the image oi ni{V C\U) is defined (up to conjugation) 
without having to choose a base point. Most commonly we will take T to be a point p <E S \ U to 
obtain the local monodromy around p. 

2.1.2. The SME property. Given an open embedding of normal varieties X a X, the pair (X, X) 
has the solvable monodromy extension (SME) property if given any U d S as above the morphism 
[/ — > X extends to a regular map S* — ^ X in a neighbourhood of p whenever the local monodromy 
around p is virtually solvable (recall that a group is virtually solvable if it contains a solvable subgroup 
of finite index). 

In this case X is complete and we say that X is an SME compactification of X. We say X has 
the SME property if it has an SME compactification. One can also define the SME property for stacks 
(see (Cj Sec. 2.2.1]) but for simplicity we will only consider varieties. 

2.1.3. Example: the moduli space of curves. The main example from of a variety with the AME 
property is the moduli space of curves (Theorem II. ip . It turns out the moduli space of curves also has 
the SME property. 

Corollary 2.1. Mg,„ is the maximal SME compactification of Adg^n. 

Proof. By [BLM) Theorem B] every solvable subgroup of 7ri(A^g_,i) is virtually abelian. This 
means that = A^™® and the result follows from fO, Thm. 4.1] which states that Mg,n is the 

maximal AME compactification of Mg,n- O 

2.2. Log canonical pairs. Consider a normal variety X with a compactification X so that the 
boundary A A \ A is a normal crossing divisor. Note that in general one may have to first resolve 
X in order to find such an A. 

We say that A is of log general type if (A-^ + A) is big. Then, assuming finite generation of the 
log canonical ring (say via the log minimal model program) , the log canonical model of A is 
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lm{TTi{V nU) ^7ri(A)). 
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If Xic contains X as an open subscheme then we say that Xic is the log canonical compactification of 
X. Note that Xic does not depend on the choice of X. By construction, assuming X has (at worst) 
log canonical singularities, it follows that X\c also has (at worst) log canonical singularities. 

In general, if C, C" are two curves inside some proper variety Y , we will say that C and C are 
numerically equivalent (denoted C ^ C) ii C ■ D — C ■ D for any Cartier divisor D C Y. 

2.3. Some properties of AME compactifications. In C; Sect. 3] we proved various basic 
results about AME compactifications. The key facts we used was that a subgroup of an abelian group 
is abelian and that the image of an abelian group is abelian. These facts also hold for solvable groups. 
Subsequently, the results from [Cl Sect. 3] still hold if we replace "AME" with "SME". We now state 
three such results which we will subsequently use. 

Lemma 2.2. C, Cor. 3.3] Suppose (A, A) has the AME (resp. SME) property and letY C X be 
a closed, normal subscheme. If we denote by Y the normalization of the closure of Y in X then the 
pair {Y,Y) also has the AME (resp. SME) property. 

Lemma 2.3. [Ci Prop. 3.10] If X has the AME (resp. SME) property and i : Y ^ X is a locally 
closed embedding then there exists a regular morphism ygmc ^ ^smc (resp. yamc ~^ -'^amoj which 
extends i : Y X . 

Lemma 2.4. Suppose X has the SME property and let X be a compactification of X equipped with 
a regular map tt : A — > X^^c- If C G X is a curve so that the local monodromy around C is virtually 
solvable then n contracts C to a point. 

Remark 2.5. In particular, this means that if A has the SME property then its fundamental 
group is not virtually solvable. The analogous result for AME varieties also holds. 

Proof. Choose a surface 5 C A, not contained in the boundary A \ A, but which contains C. 
Then the local monodromy around C C 5* is virtually solvable and, by Lemma [2?2| SOX has the SME 
property. If we blow up S then the proper transform C of C still has this property. Moreover, blowing 
up sufficiently we can assume that < 0. 

Thus we end up with C C S' where < and a map S" — >■ A which does not contract C. 
Moreover, the local monodromy around C C S" is virtually solvable. But, since < 0, we can blow 
down C to a point q G S" . Then the local monodromy around q is virtually solvable. This means 
that, in a neighbourhood of g, we get a regular map S" — > Asmc- Subsequently, the composition 
S' ^ X ^ Asmc contracts C to a point. This means that tt contracts C to a point. □ 

3. A general property 

The following results, which we will apply later, serve as some indication that varieties satisfying 
the SME property are of log general type. 

Proposition 3.1. Let X be a normal variety and X some compactification such that A A \ A 
is a divisor. If C G X is a rational curve such that 

• Cr\X^$andC(Z Asmooth, 

• {K^ + A) ■ C < and A • C > 3 

then there exists a curve Bq and a map Fq : Cq := x Bq ^ X such that 

(i) Fo{Co) is a surface, 

(ii) i^Q~^(A) = {pi, . . . ,pn} X Bq for some fixed points pi, . . . ,Pn £ P^, 

(iii) there exists a section a of Co ^ Bq with FQ{a) = p for some p G A. 
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Proof. We will use the following non-trivial deformation theory result [Mj . The deformation 
space of morphisms f : C ^ X has dimension at least 

-(AV-C) + (l-5g)-dim(X) 

where C is the normalization of C and its genus. In our case — and —K^ • C > A • C so the 
space of deformations has dimension at least dim(X) + A ■ C. 

Now consider such a family of deformations tt : C ^ B where dim(i?) > dim{X) + A ■ C. Since the 
automorphism group of C is 3-dimensional we can restrict C to a smaller family C ^ B' <Z B where 
dim(i3') — dim(_B) — 3 and such that for any fibre in C there are only finitely many other fibres with 
the same image in X. Notice that here we need A • C > 3 or else this family may be empty. 

Suppose the general fibre of C' intersects A in n > 1 distinct points. If n > 3 then, after possibly 
blowing up B' and taking a finite cover, we obtain a map B' — > A/o,n to moduli space of genus zero 
curves with n marked points. Since dim(Afo.ri) = n — 3 a generic fibre of this map has dimension at 
least 

dim(B') - n + 3 > dim(X) + A • C - n > dini(X). 

The restriction of C to such a fibre leaves us with a family of curves tt" : C" B" and a map 
F : C" ^ X . If n < 2 then we take this to be the original family. 

Since dim(C") = dim(i?") + 1 > dim(X) + 1 the general fibre of F has dimension at least one. 
Choose a general point p G F{C") (1 X and let B'" := 7:"{F-^{p)) C B" . Restricting C" gives us a 
family tt'" : C" — B'" with dim(i?"') > 1 with a map F : C" X. After restricting even further we 
can assume for convenience that dim(i3"') = 1. 

Now, by construction, there exists an open subset Bq C B'" such that the restriction of C" to it 
is isomorphic to Co := x Bq. We also have a map i^o : Co — >■ X which takes UiPi x i?o to A and 
the rest to X (here pi , . . . , p„ denote our n marked points) . Finally, after possibly pulling back to a 
finite cover of an open subset of i?o, there exists a section cr of Co — !• -Bo which is in the preimage of 
p&X. □ 



Corollary 3.2. Suppose X is smooth, has the AME property and denote by X a simple, normal 
crossing compactification of X . If C (Z X is a rational curve not contained in the boundary A :— X\X , 
then (Kj^+A) ■ C > 0. 

Proof. By Lemma 12.41 we know C • A > 3. So suppose {Kj^ + A) ■ C < and consider the 
family Co = (P^,pi, . . . ,pn) 'x Bq — > -Bq as in Proposition 13. II This family comes equipped with a map 
-Fb : Co \ {UiPi X Bq} -> X and a section a such that Fo{a) = p E X. Compactify -Bo to some smooth 
curve B and Co to the trivial product C = (P^,pi, . . . ,p„) x B. 

Since A is simple, normal crossing, we have a regular map f : X ^ -'^amc which extends the 
identity map on X. By the AME property, f oFq : Co ^ Xg^^nc extends to a regular map F : C ^ ATamc- 
Then F{W) — p which means that a does not intersect any pi x Bq (here a denotes the closure of a). 
This means that the image of under the projection from C to (P^,pi, . . . ,p„) is a single point q. Thus 
a is just {q} X B which means ~ 0. But this is impossible because F : C ^ Aamc contracts to a 
point. □ 



It would be interesting (and useful) to generalize Proposition 13 . II to curves C of higher genus. In 
order to do that one needs a log version of the bend and break lemma (since then the analogue of 
Corollary 13.21 would almost say that Kj^+ A is nef). 

Question 1. Is there a log version of the bend and break lemma? 
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4. The case of surfaces 

In this section suppose X is a normal surface and denote by X a simple normal crossing compact- 
ification of X. We denote by A C X the boundary /S. := X\X. In this case we have the following 
MMP for surfaces. 

Theorem 4.1. [Fl Thm. 3.3, 8.1] There exists a sequence of contractions 

(X, A) = (Xo, Ao) ^ (Xi, Ai) ^...^ (Xk,Ak) = {X*,A*) 
such that each (Xi^Ai) is log-canonical and one of the following two things hold: 

(i) Kx* + A* is semi-ample or 

(ii) there exists a morphism g : X* — J> B such that —{Kx* + A*) is g-ample and dim(B) < 2. 

Remark 4.2. The MMP states that in case (i) the divisor Kx'+A* is nef. Then by the abundance 
theorem for log-canonical surfaces, it is also semi-ample. 

Proposition 4.3. If X is a normal surface which has an AME compactification then X is of log 
general type. 

Proof. Since we are trying to prove X is of log general type we can remove the singular locus of 
X and assume it is smooth. Now, compactify X and consider a log minimal resolution {X,A). First 
we show that applying Theorem 14.11 we end up in case (i) . 

Suppose to the contrary that we are in case (ii). Denote the composition of contractions (p : 
{X,A) — > {X*,A*) and denote by Ec/, the exceptional locus. There are two cases depending on 
whether dim(i3) = or dmi{B) = 1. 

If dim(B) = then -{Kx- + A*) is ample. By |KeMi Cor. 1.6], X* \ A* is -connected which 
means that X is also C^-connected. But then, by |KeM[ Cor. 7.9], we find that tti{X) is virtually 
abelian. This is impossible since X has the AME property. See also |Zh| for a similar approach. 

If dim{B) ~ 1 then consider a connected component C of a general fibre of g. Since X* is normal 
C is smooth. The image 4>{E^) C X* has codimension 2 so C n 4>{E^) = 0. Hence C has a unique lift 
to X which we also denote C. Then 

(4.1) {Kj^+A)-C^{Kx'+A*)-C<0 

because —{Kx' -|- A*) is g-ample. Since C is a fibre of g this means = and hence 

deg(i^c) + A • C = {Kj^ +C)-C + A-C <0. 

Since C is not contained in A we have A ■ C > 0. Thus C has genus zero and A • C < 1. So C 
intersects A in at most one point, meaning that C C \ A. This is a contradiction since by Lemma 
[221 (C, A n C) C (X, A) is an AME pair. 

So we must be in case (i). Consider the map tt : X* — ^ B induced by Kx' -t- A*. We must show 
that dim(S) = 2. If dim(i?) = 1 then consider a general fibre C of tt as above. Then 

{Kj^+A)-C= [Kx- +A*)-C = 

which is similar to equation (|4.ip . Then arguing as before, either C has genus one and A • C = or 
it has genus zero and A • C < 2. In the first case C does not intersect A and we get a contradiction 
by Lemma 12.21 Similarly, in the second case C intersects A in at most two points, meaning that 
C ^ C C \ A which is again a contradiction by Lemma 12.21 
If dim(S) = then Kx- + A* is trivial. We have 

ify + A = [Kx- +A*) + Y, a^E, 
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where — 1 < < and {Ei} are the irreducible, exceptional divisors. The left inequality follows since 
{X*, A*) is log canonical, while < is a consequence of the fact {X, A) is a minimal log resolution 
(see [KoH Claim 66.3]). 

Thus, either all are zero and A = (which means Kj^ is trivial) or some < (which 
means k{X) = — oo). The former cannot happen because the fundamental group of X = X would be 
virtually abelian. In the second case, we can take any rational curve C C X not contained in A. Then 
{K^ + A) ■ C — J2i o.iiE'i • C) < which is a contradiction by Corollarv l3.2l 

Thus dim(i3) = 2 and X must be of log general type. □ 

Corollary 4.4. Suppose X is a normal surface with at worst log canonical singularities which 
has the AME property. Then Xic is a compactification of X . 

Proof. Compactify X to X as in Theorem l4.1l By Proposition l4.3l -L* Kx* + A* is semi-ample. 
It suffices to show that each as well as the map induced by L* only contracts curves in the boundary. 

Suppose contracts a curve C which does not lie in the boundary. Then {Kj^ + A^) • C < and 
C is either rational or an elliptic curve which does not intersect A^ or sing(Xj). The second case is 
not possible since the local monodromy around C would be abelian (contradicting the fact that X has 
the AME property). The first case is not possible by C or ollarv 13.21 

The fact that the map induced by L* only contracts curves along the boundary follows similarly. □ 

Proposition 4.5. Suppose X is a normal surface with at worst log canonical singularities which 
has a maximal SME compactification Xgi-nc- Then there is a regular morphism X\c — > X^^^ extending 
the identity map on X . 

Proof. Denote by {X, A) a minimal simple normal crossing compactification of X and denote by 
(Xic, Ale) its log canonical model. Then we have regular morphisms 



Consider a connected, exceptional curve E C X of wi. If tti {E) is a point which does not intersect 
the boundary of Xic then the local monodromy around E, is the same as the local monodromy around 
7ri(iJ) which, by Proposition 14.61 is virtually solvable. Thus, by Lemma [2.4[ it follows that 712 must 
contract E' to a point and hence 112 factors through tti. 

If TTi (E) intersect the boundary of X\c then the type of singularity at tti (E) is very restricted (see 
|KoM| Thm. 4.15] for a list of possible singularities). Locally around 7ri(i?), the complement of the 
boundary looks like the quotient of \ {x = 0} or C^\{2; = 0,y = 0} by a finite group. Thus 
the monodromy is virtually abelian and, again as above, 1:2 must contract -E to a point and hence 1:2 
factors through tti. □ 

Proposition 4.6. Let X be a normal surface andx G X a point. Then the following are equivalent: 

(i) X has an at worst log canonical singularity at x, 

(ii) the local fundamental group of X around x is solvable or finite. 

Proof. This follows by combining the results in fK| and fWj. □ 



5.1. Generalizing Proposition l4.3l Suppose X is a normal variety of arbitrary dimension which 
has an AME compactification. We would like to show that X is of log general type by imitating the 
proof of Proposition 14.31 For this purpose we can assume X is smooth and we compactify it to some 
X so that A :— X \ X \s a. simple normal crossing divisor. 
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The analogue of Theorem 14.11 in this case is the (partially conjectural) log MMP. It states that 
there exists a sequence of birational maps 

(X, A) = (To, Ao) (Xi, Ai) . . . (Xfe, A,) = {X*,A*) 

such that each {Xi,Ai) is a log-canonical pair and each 0^ is either a divisorial contraction or a flip. 
As before, we denote the composition (j) and note that (/)~^ has no exceptional divisors. The resulting 
pair {X* , A*) satisfies one of the following two properties: 

(i) Kx' + A* is nef or 

(ii) there exists a morphism g : X* B such that —{Kx' + A*) is g-ample and dim(i3) < 
dim(X). 

First we would like to argue that we must be in case (i). Assume instead that we are in case 
(ii). If dim(i3) > consider a general fibre F and let Ap := A*|ir. Then Kp = Kx'\f and hence 
Kp + Ai? = {Kx' + A*)|i? is anti-ample. But the exceptional locus of (f)'^ is codimension so there 
exists an open subset F° C F which is not of log general type but which sits inside X and hence has 
an AME compactification. By induction on the dimension of X this is impossible. 

So we are left with considering the situation where dim(i?) = 0. In this case —{Kx* + A*) is 
ample. When X was a surface we used [KeMj . Two analogues of such a result in higher dimensions 
were posed, for instance, during an open problem session at the AIM workshop "Rational curves on 
algebraic varieties" (May 2007): 

• Is the fundamental group of the smooth locus of a log Fano variety finite? 

• Is a log Fano variety (AT*, A*) log rationally connected? In other words, is there a rational 
curve passing through any two given points which intersects A* only once? 

For us, an affirmative answer to a strictly easier question would suffice: 

Question 2. // (A*. A*) is log Fano is there a rational curve which avoids any given locus L of 
codimension at least 2 ? 

Taking L to be the union of the exceptional locus of and the singular locus we lift such a curve to 
C CX. Then, by CoroharylXl we have 

{Kx- + A*) ■C^{Kj^+ A) -OO 

which contradicts the fact that —{Kx* + A*) is ample. 

So, assuming the answer to Question 2 is "Yes" , we find that Kx* + A* is nef. The abundance 
conjecture, which was known in the case of surfaces (and also threefolds [KMMj ). would then imply 
that Kx* + A* is semi-ample. So we can consider the induced map tt : X* — > B. 

If dim(A) > dim(i3) > then choose a general fibre F. Then, proceeding as above, Kp = 
Kx*\f and hence Kp + Ap is trivial (where Ap := A*|^). Thus, by induction on dim(A), this is a 
contradiction. 

If dim(i?) = then Kx* + A* is trivial. If A* were smooth then we would get a contradiction as 
follows. If A* = then A* is Calabi-Yau and hence its fundamental group is virtually abelian. On 
the other hand, if A* 7^ then choose a point in A* which is not in the image of the exceptional locus 
of (f>. By the bend and break lemma we can find a rational curve C through this point. Then, since 
{Kx* + A*) • C < 0, one can find a map Fq and in Proposition 13. II Since C does not belong to the 
image of the exceptional locus of (p, this map can be lifted to a simple, normal crossing compactification 
of A where we get a contradiction as in the proof of Corollarv l3.2l 

To push this argument through when A* is singular we could use an affirmative answer to the 
following question: 

Question 3. Suppose (A*, A*) is log Calabi-Yau, meaning that Kx* + A* is trivial: 
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(i) If A* = 0, is the fundamental group of the smooth locus of X* virtually abelian? 

(ii) // A* ^ 0, can you find a rational curve in X* which avoids the singular locus and is not 
contained in the image of the exceptional locus of (j)? 

Having ruled out the cases dim(X) > dini(_B) it follows that dini(X) = dim(_B) and X is of log 
general type. 

5.2. Generalizing Proposition l475l Let (Xic, Aic) be the log canonical model of X and resolve 
it to a simple normal crossing compactification (X,A). Subsequently we have the following regular 
morphisms 

^Ic < ^ > -^smc- 

We would like to factor tti as a sequence of extremal divisorial contractions 

(X, A) (Yi, Ai) . . . ^ (Xk, Afc) = (Xie, Ale) 

and to show by induction that: 

(i) 7r2 descends to a regular map Xi ^smc and 

(ii) any curve C C Xi contracted by (jji is also contracted by Pi. 

Notice that (ii) implies that pi descends to a regular map Pi+i : Xj+i — > Xsmc (so it suffices to prove 
(ii))- 

Unfortunately, it is not at all clear how to do this. One obvious approach is to hope that for a log 
canonical pair {X, A), the local fundamental group around a point x d X is virtually solvable. In the 
case of surfaces the answer to this question was "yes" but, as the referee points out, |Ko2| Thm. 2] 
gives a counter-example already in the case of 3-folds. In fact, |Ko2| Question 24] essentially asks if 
there are any natural restrictions on such local fundamental groups. 

6. Some final remarks 

6.1. Two examples. Choose four points on in general position and denote by X the com- 
plement of the six lines through them. Then X has the SME property with Xsmc isomorphic to the 
blowup of at these four points. In fact, X = Mq^^ parametrizing five points on P^ and this blowup 
is just Xsmc = Ma,b- 

On the other hand, choose n > A lines in general position on P^ and let X be the complement of 
their union. Then by an old result of Zariski [Za' the fundamental group of X is abelian. Subsequently, 
X does not have the SME (or AME) property even though it is of log general type (with log canonical 
model Xic P^). 

6.2. Resolution of singularities. The following observation goes back to a conversation with 
Sean Keel a few years ago. 

Denote by X{r,n) the moduli space of n hyperplanes in P''"^. X(r,n) has a particular compact- 
ification X{r,n) known as Kapranov's Chow quotient. Keel and Tevelev [KTI point out that the 
singularities of the boundary of X{r, n) are arbitrarily complicated. 

On the other hand, one can show that X{r, n) is an SME compactification. Hence, if Speculations 
#1 and #2 are correct, we obtain a regular map X{r,n)ic — > X{r,n) which gives a canonical way to 
(partially) resolve arbitrarily bad singularities. 

Question 4. Is there a regular map X{r,n)ic — >■ X(r,n)? 
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